I. INTRODUCTION
In the high confinement H-mode of tokamak operation, a transport barrier forms at the plasma edge, leading to a steep pressure gradient, and therefore, a high bootstrap current. High pressure gradients can lead to high toroidal mode number, n, ballooning instabilities ͑e.g., see Ref. 1͒ but, on the other hand, high edge current reduces the magnetic shear which helps to stabilize these. However, high edge currents can drive high n kink or ''peeling'' modes, [2] [3] [4] and these are stabilized by edge pressure gradient ͑due to the effect of favorable average curvature in a tokamak͒. This interplay between pressure and current makes edge stability particularly interesting. As a final ''twist'' to the story, the ballooning and peeling modes can couple, 5 leading to particularly dangerous current-driven instabilities which can extend right across the transport barrier region, into the plasma core. 4 The result is that a range of instabilities can exist from highly localized peeling modes, more extended ballooning modes, extended, coupled peeling-ballooning modes, or, indeed, access to a second stability region 6 with correspondingly higher pressure gradient limits. This range of possible ideal magnetohydrodynamic ͑MHD͒ plasma edge instabilities may help to explain the wide range of edge localized mode ͑ELM͒ phenomena observed in tokamaks, such as relatively small type III ELMs at low pressure gradient, up to large type I ELMs, smaller ''grassy'' ELMs or even ELM-free regimes at larger pressure gradient ͑for a review of ELM phenomenology, see Ref. 7͒ . Understanding these instabilities may then help us to identify how to access regimes which have tolerable ELMs: A key issue for the International Thermonuclear Experimental Reactor ͑ITER͒. 8 It is, therefore, important to be able to analyze these instabilities, which is complicated by their short wavelength ͑much shorter than the typical equilibrium length scales͒ and two-dimensional nature. In this paper we describe a formalism which permits efficient analysis of this class of instabilities within a linearized ideal MHD model.
The paper is set out as follows. In the next section we describe the formalism which we have developed for analyzing high n, coupled peeling-ballooning modes in tokamaks. The technique is applicable to arbitrary tokamak equilibria, except that at present we have not considered the separatrix. Then, in Sec. III, we illustrate some results from the code, which we have called ELITE ͑Edge Localized Instabilities in Tokamak Equilibria͒. We first describe a benchmark case, which we take to be a circular cross section, aspect ratio A ϭ3 plasma which has an edge pressure pedestal unstable to nϭϱ ballooning modes. We compare the results of ELITE with those of MISHKA-1, 9 and find good agreement for n Ͼ4 ͑ELITE makes use of an expansion for large n͒. Next we illustrate the results for a shaped plasma equilibrium, in this case a DIII-D equilibrium re-constructed using EFIT. 10 In Sec. IV we draw some conclusions, and make some suggestions for how the model could be further improved.
II. ELITE FORMALISM
To help improve the efficiency of ELITE we restrict consideration to intermediate to high n modes, and evaluate the change in energy associated with a radial perturbation of a plasma fluid element, denoted by X. Following Ref. 1, we perform an expansion in n Ϫ1 , which permits the other two components of plasma perturbation to be eliminated in favor of X. After some algebra, neglecting the contribution due to the inertia for the present, it can be shown that the change in energy, correct to the first two orders in n Ϫ1 can be written in the form
͑1͒
Here we have defined the poloidal magnetic flux, , and toroidal field function, f (), such that the magnetic field can be expressed in the form
so that is an increasing function of the minor radius of flux surfaces. We have chosen the gauge for such that ϭ0 at the plasma edge, and takes a negative value everywhere in the core. In fact, because we are interested in edge localized modes, whose amplitude X→0 in the core, we can replace the lower limit of integration in the variable by Ϫϱ, as indicated in Eq. ͑1͒. where the parallel gradient operator is defined by
The parallel current density, denoted by , can be written in the form
͑6͒
Finally, P and Q are defined as
Note that Eq. ͑1͒ involves contributions to ␦W due to surface terms arising from integrations by parts. These were absent in the ballooning analysis of core modes developed in Ref. 1, because there the mode amplitude was assumed to be negligible at the plasma-vacuum interface. It is important to retain these in our situation as the mode amplitude is not negligible at the plasma boundary, and indeed is an essential feature of the peeling modes which we wish to analyze. Also note that by retaining terms up to, and including, O(n Ϫ1 ) we retain the kink drive, proportional to the radial derivative of the parallel current density.
The above expression ͑1͒ neglects the inertial energy. Although we are primarily interested in marginal stability, it is useful to have an indication of the growth rate, so we employ a simplified model which neglects that inertia associated with displacements parallel to the magnetic field ͑equivalent to the assumption of incompressible MHD, valid at marginal stability͒. Thus, for the inertial energy, we derive
͑9͒
The equilibrium functions H and G are defined in Eqs. ͑A4͒ and ͑A5͒ of Appendix A, ͑͒ is the mass density and ␥ 2 is the eigenvalue of the system, equal to the square of the growth rate. Again, within our ''incompressible MHD'' model, the inertia term is correct to the first two orders in n Ϫ1 . Note that we have performed an ordering in n Ϫ1 so that the Hermitian property of ideal MHD is exactly preserved; we find this to be important for the numerical results.
The method is now straightforward, but involves a large amount of tedious algebra. We first Fourier decompose the poloidal variation of the displacement X, and it is convenient to do this in terms of a ''straight field line'' angle,
where the safety factor q is simply qϭ(1/2)͛d. Thus we express
where m are the poloidal mode numbers, and then we have
For high m modes field line bending will have a strong influence, and will tend to restrict the u m to be localized about their mode rational surfaces, where mϭnq. Thus we have introduced the ''fast'' radial variable
which is the length scale on which we expect the u m to vary. Here m 0 is the poloidal mode number of some reference rational surface, and we arbitrarily choose it to be that associated with the first rational surface in the vacuum, i.e.,
where q a is the edge safety factor. Note that x increases by 1 each time a rational surface is crossed as we go from the plasma edge towards the core. We now substitute the forms for X and Y into Eqs. ͑1͒ and ͑9͒, and perform integrations by parts ͑in the radial coordinate͒ to eventually derive a form for ␦W, which can be decomposed into a contribution from the core plasma, ␦W p , and a piece arising from the surface terms due to the integrations by parts, ␦W s ␦Wϭ␦W p ϩ␦W s .
͑15͒
For our vacuum model we assume that the vessel wall is far from the plasma, so that it is effectively surounded by an infinite vacuum on all sides; this is a good approximation for the radially localized modes which we consider. In such a situation the vacuum contribution to ␦W can be expressed analytically solely in terms of the plasma displacement at the plasma-vacuum interface, 11 and therefore, can be absorbed into ␦W s . The resulting expressions for ␦W p and ␦W s are given in Appendix A.
We stress here that ELITE is not based on a ␦W numerical approach, but instead solves the full set of Euler equations for the radial variations of the Fourier mode amplitudes. These can be derived trivially from Eq. ͑A1͒, and for each Fourier mode k they take the form
͑16͒
where the matrix elements A k,m , AЈ k,m , and AЉ k,m are given in Appendix A, together with those associated with the inertia, labeled by I. Note that the number of primes on the matrix elements is used as a notation to indicate the number of ''radial'' derivatives on their associated Fourier amplitudes u m , and does not represent a -derivative of the matrix elements themselves here ͑superscripts label the matrix elements͒.
If we assume that some number, M , of Fourier harmonics is required to describe the modes, then Eq. ͑16͒ represents a system of M coupled, linear differential equations for the mode amplitudes, u m . To complete the specification of the system we need to provide a set of boundary conditions. The first of these is that the u m (x) tend to zero deep inside the plasma core ͑i.e., we are interested only in edge-localized modes͒; thus we have
Another boundary condition is that the surface contribution to the total energy must be zero, which represents the fact that the jump in pϩB 2 /2 across the plasma-vacuum interface is zero. 11 The final matching condition, that the radial component of the magnetic field is continuous across the interface, is used to express the vacuum magnetic-field perturbation in terms of the u m at the plasma surface. Thus we arrive at a second set of conditions ͑for each k͒ to be applied at the plasma boundary, xϭ⌬ϭm 0 Ϫnq a , where 0р⌬р1
Again, the matrix elements S and J are defined in Appendix A, and ␦W v k,m represents the contribution from the vacuum. The set of Eqs. ͑16͒-͑18͒ constitutes the complete eigenmode system that ELITE has been designed to solve, either to determine whether or not a given configuration is stable, or to find the growth rate of the instability through calculating the eigenvalue ␥ 2 . There are, however, a number of features that greatly increase the efficiency of the code and are worthwhile noting. First there is a separation of equilibrium and mode-structure length scales. Because the equilibriumvaries slowly on a length scale of the order of the distance between rational surfaces ͑for intermediate to high n͒ the matrix elements can be evaluated and tabulated on a relatively coarse radial mesh. The Fourier modes, u m (x), on the other hand, vary on the length scale comparable to the distance between rational surfaces, and these need a much finer radial grid. A second feature of ELITE is that it makes use of the fact that we expect each u m (x) to be highly localized about its rational surface ͓i.e., where mϭnq()͔ due to field line bending. This means that while many harmonics may be important to reconstruct the full mode structure, at any one radial position only a limited subset of these will be significant, and the rest can be set to zero amplitude. This provides a significant saving of both computing memory and time.
A final feature of ELITE is how it is designed to evaluate radial derivatives of equilibrium quantities. In principle these can be calculated numerically if the equilibrium is known at all flux surfaces. However, by making use of an expansion of the Grad-Shafranov equation about a flux surface, these derivatives can be calculated analytically in terms of quantities only on that flux surface 12 ͓specifically the flux surface shape, the poloidal field variation on the flux surface and the profiles p() and f () are all that are required͔. We require second derivatives ͑e.g., of the safety factor q͒ with respect to here, and therefore, we need to expand to higher order than is usually done: The results are presented in Appendix B.
III. NUMERICAL RESULTS
In this section we illustrate some of the results from ELITE. Here we restrict consideration to general results, and will describe more specific tokamak edge stability studies elsewhere.
We begin by considering the stability of a simple aspect ratio, Aϭ3, circular cross section tokamak. We have constructed a ␤ N ϭ2.1 equilibrium with a steep pressure pedestal at the plasma boundary ͑see Fig. 1͒ so that it is unstable to nϭϱ ballooning modes in the region / a Ͼ0.82, where a is the poloidal flux at the plasma boundary (␤ N ϭ␤(%)a(m)B(T)/I p (MA) where ␤ is the ratio of thermal to magnetic pressure, a is the minor radius, B is the magnetic field and I p is the plasma current͒. The current profile is calculated from neoclassical theory, assuming a constant loop voltage across the plasma, and allowing for the bootstrap current. Figure 1͑b͒ shows the profile of the plasma current density; note that it is strongly peaked on axis, which is a consequence of neoclassical conductivity, but that there is significant current driven in the pedestal region, due mainly to the bootstrap current.
Analyzing the stability of the equilibrium, we find that ELITE predicts instability over a range of n. Figure 2 shows a typical mode structure, in this case for a nϭ10 ballooning mode. In Fig. 2͑a͒ we show the set of curves for the u m (), which illustrates the feature that each harmonic is more radially localized ͑about its rational surface͒ than the whole mode structure. Note that in this case the mode is essentially localized within the steep pressure gradient region at the plasma edge ͓compare with Fig. 1͑a͔͒ . In Fig. 2͑b͒ we show the mode structure in poloidal cross section, where we see a clear ballooning mode structure.
Going to higher toroidal mode number, nϭ50, the mode becomes much more radially localized, as expected from conventional ballooning mode theory ͑e.g., see Ref.
1͒. This can be seen by comparing Fig. 3 , which shows the radial profiles of the Fourier mode amplitudes for this case, with Fig. 2͑a͒ .
Using the circular cross-section equilibrium as an example, we have performed a careful benchmark with the MISHKA-1 code, 9 which is also capable of analyzing high n ideal MHD stability. In Fig. 4 we compare the predictions for the growth rates as a function of n from the two codes, and obtain good agreement over the full range of nտ4. Recall that ELITE is based on an expansion in n Ϫ1 , while MISHKA-1 is valid over the full range of n. This comparison indicates that ELITE remains valid over the range of intermediate to high n, which is the range of interest for studies of ELMs.
As a final example, we show in Fig. 5 the mode structure in the poloidal cross section of a DIII-D VH-mode discharge ͑#97887͒, just before an ELM occurred. In this case the equilibrium is taken from a high resolution, well-converged EFIT reconstruction of the discharge, limited at the 99% flux surface ͑recall that ELITE cannot yet handle the separatrix itself, but can approach it very closely͒. Note the extremely large number of poloidal harmonics required to analyze these shaped equilibria ͑compare with Figs. 2 and 3 for the circular cross-section case͒; ELITE is designed to efficiently handle such cases ͑ϳ minute time scales on ϳ1 GHz computers͒. 
IV. CONCLUSIONS
Using our knowledge of the physics underlying ballooning and peeling modes, we have developed a new, efficient tool for calculating the ideal MHD stability of the tokamak plasma edge region, which is often two-dimensional in nature. It is anticipated that this will be useful for helping our understanding of ELMs; in particular, how to control them and how to identify regimes with benign ELMs. In addition, ELITE is useful for calculating the pressure limits that can exist in the edge pedestal region, which is an important ingredient for determining the temperature pedestal ͑which influences the confinement time͒. 13 The use of the code to interpret ELMs and the temperature pedestal will be described elsewhere. 14 This work represents a first step to develop a tool for understanding the stability of tokamak edge plasmas, and as such represents the simplest, useful model of edge plasma stability, ie ideal MHD. There are a number of other features which one could consider incorporating into the model, and these are being considered. One issue is to improve the plasma geometry, allowing for the presence of a separatrix, and even a scrape-off layer plasma, where the field lines connect to material surfaces. The scrape-off layer might be expected to be important when its width is comparable to the linear radial mode width, and could be incorporated into ELITE through modified boundary conditions. Improved plasma physics models would also help us to understand the different ELM regimes observed in more detail. For example, it is likely that diamagnetic effects will be important in the steep gradient regions of the edge transport barrier, [15] [16] [17] and also strong sheared plasma flows, as measured in H-mode, might be expected to have an impact on the radially extended, ballooning-type modes. ELITE has been developed in such a way that these improvements could be incorporated as the models are developed.
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APPENDIX A: ELITE MATRIX ELEMENTS
The Euler equations and their boundary conditions are derived from the plasma and surface contributions to the perturbed energy, respectively. In terms of the Fourier mode amplitudes, defined through Eq. ͑11͒, these can be written in the form The matrix elements which appear in the above two contributions to the plasma energy and also the set of Euler equations for the radial variation of the Fourier mode amplitudes solved by ELITE, Eq. ͑16͒, are given by 
